
Tutorial 4

written by Zhiwen Zhang

5th week

1. Find the first moment about the y-axis of a thin plate of density �(x, y) =

1 covering the infinite region under the curve y = e�x2/2
in the first

quadrant.
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2. (a) Solve the system

u = x� y, v = 2x+ y

for x and y in terms of u and v. Then find the value of the Jacobian

@(x, y)/@(u, v).

(b) Find the image under the transformation u = x � y, v = 2x + y of

the triangular region with vertices (0, 0), (1, 1), and (1,�2) in the

xy-plane. Sketch the transformed region in the uv-plane.
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3. Use the transformation in Ex. 2 to evaluate the integral

ZZ

R
(2x2 � xy � y2)dxdy

for the region R in the first quadrant bounded by the lines y = �2x+ 4,

y = �2x+ 7, y = x� 2, and y = x+ 1.
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4. Assuming the result that the centroid of a solid hemisphere lies on the

axis of symmetry three-eighths of the way from the base toward the top,

show, by transforming the appropriate integrals, that the center of mass

of a solid semiellipsoid
�
x2/a2

�
+

�
y2/b2

�
+

�
z2/c2

�
 1, z � 0, lies on

the z-axis three-eighths of the way from the base toward the top.
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5. In previous courses (ex. MATH 1010, MATH 1050), we learned how to

find the volume of a solid of revolution using the shell method; namely,

if the region between the curve y = f(x) and the x-axis from a to b
(0 < a < b) is revolved about the y-axis, the volume of the resulting solid

is
R b
a 2⇡xf(x)dx. Prove that finding volumes by using triple integrals gives

the same result.
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